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Abstract. Generalised Biichi automata are Biichi automata with multiple accept-
ing sets. They form a class of automata that naturally occurs, e.g., in the trans-
lation from LTL to w-automata. In this paper, we extend current determinisation
techniques for Biichi automata to generalised Biichi automata and prove that our
determinisation is optimal. We show how our optimal determinisation technique
can be used as a foundation for complementation and establish that the result-
ing complementation is tight. Moreover, we show how this connects the optimal
determinisation and complementation techniques for ordinary Biichi automata.

1 Introduction

While finite automata over infinite words were first introduced in Biichi’s decidability
proof for the monadic second-order logic of one successor (S1S) [1], they are most
widely used in model checking, realisability checking, and synthesis procedures for
linear time temporal logic (LTL) [11].

Biichi automata are an adaptation of finite automata to languages over infinite
words. They differ from finite automata only with respect to their acceptance condi-
tion: while finite runs of finite automata are accepting if a final state is visited at the
end of the run, an infinite run of a Biichi automaton is accepting if a final state is vis-
ited (or a final transition is taken) infinitely many times. Although this might seem to
suggest that automata manipulations for Biichi automata are equally simple as those
for finite automata, this is unfortunately not the case. In particular, Biichi automata are
not closed under determinisation. While a simple subset construction suffices to effi-
ciently determinise finite automata [13], deterministic Biichi automata are strictly less
expressive than nondeterministic Biichi automata. For example, deterministic Biichi (or
generalised Biichi) automata cannot recognise the simple ®-regular language that con-
sists of all infinite words that contain only finitely many a’s.

Determinisation therefore requires automata with more involved acceptance mech-
anisms [14,9, 10,4, 17], such as Muller’s subset condition [8], Rabin’s pairs condi-
tion [12] or its dual, the Streett condition [19], or the parity condition. Also, an nSn)
lower bound for the determinisation of Biichi automata has been established [20] even if
we allow for Muller objectives, which implies that a simple subset construction cannot
suffice.
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Rabin’s extension of the correspondence between automata and monadic logic to
the case of trees [12] built on McNaughton’s doubly exponential determinisation con-
struction [8], and Muller and Schupp’s [9] efficient nondeterminisation technique for
alternating tree automata is closely linked to the determinisation of nondeterministic
word automata. Safra was the first to introduce singly-exponential determinisation con-
structions for Biichi [14] and Streett [15] automata and current determinisation tech-
niques [10, 17] build on Safra’s work. For instance, Schewe’s determinisation technique
for Biichi automata [17] builds on Safra’s [14] and Piterman’s [10] determinisation pro-
cedures using a separation of concern, where the main acceptance mechanism, repre-
sented by history trees, is separated from the formal acceptance condition, e.g., a Rabin
or parity condition. History trees can be seen as a simplification of Safra trees [14].
In a nutshell, they represent a family of breakpoint constructions; sufficiently many to
identify an accepting run, and sufficiently few to be concise.

The standard translation from LTL to w-automata [3] goes to generalised Biichi
automata, which have multiple accepting sets and require that a final state from each
accepting set is visited infinitely many time. There are several ways to determinise a
generalised Biichi automaton with n states and k accepting sets. One could start with
translating the resulting generalised Biichi automaton first to an ordinary nondetermin-
istic Biichi automaton with nk states and a single accepting set, resulting in a determin-
isation complexity of roughly (nk)0<”k) states, or one could treat it as a Streett automa-
ton, which is equally expensive and has a more complex determinisation construction.

Schewe’s determinisation procedure [17] proves to be an easy target for generalisa-
tion, because it separates the acceptance mechanism from the accepting condition. To
extend this technique from ordinary to generalised Biichi, it suffices to apply a round-
robin approach to all breakpoints under consideration. That is, each subset is enriched
by a natural number identifying the accepting set, for which we currently seek for the
following breakpoint. Each time a breakpoint is reached, we turn to the next accept-
ing set. Note that this algorithm is a generalisation in the narrower sense: in case that
there is exactly one accepting set, it behaves exactly as the determinisation procedure
for Biichi automata in [17]. An algorithm to determinise generalised Biichi automata
to deterministic parity automata using this method was used in [5], similarly extending
Piterman’s construction [10, 7].

Using the current techniques and bounds for the determinisation of these automata
[10,17,7], we find that for a nondeterministic generalised Biichi automaton with n
states and k accepting sets, we get a deterministic Rabin automaton with ghist, (n) states
and 2" — 1 Rabin pairs. The function ghist,(n) is approximately (1.657)" for k = 1,
(3.13n)" for k =2, and (4.62n)" for k = 3, and converges against (1.47kn)" for large k.
These bounds can also be used to establish smaller maximal sizes of minimal models,
which is useful for Safraless determinisation procedures [6, 18, 5]. It would be simple
to extend the transformation to deterministic parity automata from [17] to obtain an au-
tomaton with O(n!2 2k ) states and 2n + 1 priorities. In this sense, the difference between
determinising Biichi and generalised Biichi is negligible if k is small compared to 7.

Colcombet and Zdanowski [2] showed that Schewe’s determinisation procedure for
Biichi automata is optimal. Our extension of this lower bound to generalised Biichi
automata generalises their techniques, showing that the determinisation is optimal.



We also discuss a bridge between optimal determinisation and tight complementa-
tion. We show how the nondeterministic power of an automaton can be exploited by
using a more concise data structure compared to determinisation (flat trees instead of
general ones). This bridge again results in a generalisation of the Biichi complementa-
tion procedure discussed in [16] in the narrower sense: for one accepting set, the result-
ing automata coincide. We also provide a matching lower bound: we show for alphabets
Llfl that the size of a generalised Biichi automaton that recognises the complement of a
full generalised Biichi automaton with n states and k accepting sets must be larger than
|Lk|, while the ordinary Biichi automaton we construct is smaller than |Lﬁﬂ |. For large

k — that is, if k is not small compared to n — |Lk| is approximately (%)". This improves
significantly over the (Q(nk))" bound established by Yan [20].

2 Nondeterministic and deterministic automata

Nondeterministic Rabin automata are used to represent ®-regular languages L C X® =
o — X over a finite alphabet X. In this paper, we use automata with trace based accep-
tance mechanisms. We denote {1,2,...,k} by [k].

A nondeterministic Rabin automaton with k accepting pairs is a quintuple 4 =
(£,0,1,T,{(Ai,R;) | i € [k]}), consisting of a finite alphabet X, a finite set Q of states
with a non-empty subset I C Q of initial states, a set 7 C O x ¥ x Q of transitions from
states through input letters to successor states, and a finite family {(A;,R;) € 27 x 27 |
i € [k]} of Rabin pairs.

Nondeterministic Rabin automata are interpreted over infinite sequences o : ® — X
of input letters. An infinite sequence p : ® — Q of states of A4 is called a run of 4
on an input word o if the first letter p(0) € I of p is an initial state, and if, for all
i€, (p(i),o(i),p(i+1)) €T is a transition. For a run p of a word o, we denote with
p i (p(i),a(i),p(i+ 1)) the transitions of p.

Arun p: @ — Q is accepting if, for some index i € [k], some transition ¢ € A; in the
accepting set A; of the Rabin pair (A;, R;), but no transition ¢’ € R; from the rejecting set
R; of this Rabin pair appears infinitely often in the transitions of p, p. (3i € [k]. inf(p) N
Ai ZONinf(p)NR; =0 for inf(p) ={r €T | Vi € ®3j > isuchthat p(j) =1}). A
word o : @ — X is accepted by A if 4 has an accepting run on 0., and the set L(4) =
{a € £ | a is accepted by A} of words accepted by 4 is called its language.

For technical convenience we also allow for finite runs gogiqz . . . gn with TN {g, } X
{a(n)} x @ = 0. Naturally, no finite run satisfies the Rabin condition. Finite runs are
rejecting, and have no influence on the language of an automaton.

Two particularly simple types of Rabin automata are of special interest: generalised
Biichi, and Biichi automata. Biichi automata are Rabin automata with a single accepting
pair (F,0) with an empty set of rejecting transitions. The transitions in F are tradition-
ally called final, and Biichi automata are denoted 4 = (X£,0,1,T,F).

Generalised Biichi automata, denoted 4 = (X,Q,I,T,{F; | i € [k]}), have a family
of accepting (or: final) sets. A run p of a generalised Biichi automaton is accepting if it
contains infinitely many transitions from all final sets (Vi € [k]. inf () N F; # 0).

Let 8: (¢,0) = {¢ € Q| (¢,0,q4') € T} denote the successor function for a set
of transitions. A Rabin, Biichi, or generalised Biichi automaton is called deterministic



if § is deterministic (V(g,0) € Q x X. |8(¢g,0)| < 1) and I = {qo} is singleton. We
denote deterministic automata as (X,Q,qo,8,T), where T is the acceptance condition,
and & : O x £ — Q is the partial function that is undefined in the preimage of @ for &
and otherwise satisfies 8(¢,0) = {8/(g,0)}.

3 Determinisation

The determinisation construction described in this section is a generalisation of
Schewe’s construction for nondeterministic Biichi automata [17], which in turn is a
variation of Safra’s [14]. We first define the structure that captures the acceptance mech-
anism of our deterministic Rabin automaton.

Ordered trees. We call a tree T C N* an ordered tree if it satisfies the following con-
straints, and use the following terms:

every element v € 7 is called a node,

ifanodev=ni...njnjy; € Tisin T, thenv =n;...njis alsoin 7,
V' is called the predecessor of v, denoted pred(v) (pred(€) is undefined),
the empty sequence € € 7, called the root, is in 7, and

ifanodev=n;...njisin 7, thenV =ny...n;_jiisalsoin 7 for 0 <i < j;
we call V' an older sibling of v (and v a younger sibling of V'), and denote the set of
older siblings of v by os(v).

Thus, ordered trees are non-empty and closed under predecessors and older siblings.

Generalised history tree. A generalised history tree G over Q for k accepting sets is a
triple G = (7,1, h) such that:

— ¢ is an ordered tree,
— 1: T —22~.{0} is a labelling function such that

e [(v) Cl(pred(v)) holds forall e #£ v € 7T,
o the intersection of the labels of two siblings is disjoint
(Vv € T.v#V Apred(v) = pred(v') = I1(v) NI(V') = 0), and
o the union of the labels of all siblings is strictly contained in the label of their
predecessor WeT3Igelv)W e T.v=pred(v) = q ¢ 1(V)), and
— h:T — [k] is a function that labels every node with a natural number from [].
We call Fj,(, the active accepting set of v.

For a generalised history tree G = (7,1,h), (T,1) is the history tree introduced in [17].
Generalised history trees are enriched by the second labelling function, A, that is used
to relate nodes with a particular accepting set.



3.1 Determinisation construction

Let 4= (X,0,I,T,{F; | i € [k]}) be a generalised Biichi automaton with |Q| = n states
and k accepting sets. We will construct an equivalent deterministic Rabin automaton
D= (Z,D,do,a, {(Ai,Ri) | i€ J})

[17] separates the transition mechanism from the acceptance condition. We follow
the same procedure and describe the transition mechanism below.

— D is the set of generalised history trees over Q.

dp is the generalised history tree ({€},/:€— I, h:e—1).

J is the set of nodes that occur in some ordered tree of size n.

For every tree d € D and letter 6 € X, the transition d’ = §(d, 0) is the result of the

following sequence of transformations:
1. Raw update of I. We update [ to the function /; by assigning, for all v € T,

Li:v—{qe Q|34 €l(v).(¢,0,9) € T}, ie., to the c successors of /(v).

2. Sprouting new children. For every node v € d with ¢ children, we sprout a new
child ve. Let ‘1, be the tree of new children. Then we define, for all vin T, [; :
vie {g€ Q3¢ €l(pred(v)). (¢,6,9) € fu(pred(v) }- i-€., to the G successors
of the active accepting sets of their parents, and extend i to T, = T U, by
h:v—1forallve T,

3. Stealing of labels. We obtain a function /5 from /; by removing, for every node
v with label I(v) = Q" and all states ¢ € Q', g from the labels of all younger
siblings of v and all of their descendants.

4. Accepting and removing. We denote with 7, C T, the set of all nodes v whose
label I (v) is now equal to the union of the labels of its children. We obtain 7"
from ‘Z;l’ by removing all descendants of nodes in ‘Z;, and restrict the domain of
I and h accordingly. (The resulting tree 7’ may no longer be ordered.)

Nodes in 7’/ N7, are called accepting. We obtain h from h by choosing h: v +—
h(v) + 1 for accepting nodes v with h(k) # k, h; : v — 1 for accepting nodes v
with h(k) =k, and h; : v — h(v) for all non-accepting nodes.

The transition is in A, iff v is accepting.

5. Renaming and rejecting. To repair the orderedness, we call ||v|| = |os(v) N T”|
the number of (still existing) older siblings of v, and map v = ny...n; to
vV = ||ny|| ||ninz|| ||ninans)| . . . ||v||, denoted rename(v).

We update a triple (77,lp,h;) from the previous step to d' =
(rename(T"),I’,h') with I’ : rename(v) — I>(v) and k' : rename(v) — hy ().
We call a node v € T'NT stable if v = rename(v), and we call all nodes in J
rejecting if they are not stable. The transition is in R, iff v is rejecting.

3.2 Correctness

In order to establish the correctness of our determinisation construction, we need to
prove that L(A) = L(D), that is, we need to ascertain that the ®-language accepted
by the nondeterministic generalised Biichi automaton is equivalent to the ®-language
accepted by the deterministic Rabin automaton.

Theorem 1 (L(D) C L(A)). Given that there is a node v € d (where d is a generalised
history tree) which is eventually always stable and always eventually accepting for an
w-word Q., then there is an accepting run of 4 on Q.



Notation. For an ®-word o and j > i, we denote with afi,j[ the word
a(f)o(i+1)o(i+2)...0(j—1). We denote with Q; —%* Q, for a finite word o =
o ...0;—1 that there is, for all g; € Q> a sequence gi...q; with g € Q1 and
(gi,%i,qiv1) € T for all 1 <i < j. If, for all q; € Q», there is such a sequence that
contains a transition in Fy, we write Q1 =2 Qs.

Proof. Let oo € L(D). Then there is a v that is eventually always stable and always
eventually accepting in the run pp of D on o.. We pick such a v.
Letip < i; <i» < ...be an infinite ascending chain of indices such that

— vis stable for all transitions (d;, o(j),d;+1) with j > io, and
— the chain iy < i; < i < ... contains exactly those indices i > iy such that (d;_, (i —
1),d;) is accepting; this implies that 4 is updated exactly at these indices.

Let d; = (Z;,1;, h;) for all i € ®. By construction, we have
— [ =00l (v), and
o i .7 i

= 15, (0) =5, ),
Exploiting Konig’s lemma, this provides us with the existence of a run of 4 on « that
visits all accepting sets F; of 4 infinitely many times. (Note that the value of % is circu-
lating in the successive sequences of the run.) This run is accepting, and o therefore in
the language of 4. a

Theorem 2 (L(A) C L(D)). Given that there is an accepting run of 4, there is a node
which is eventually always stable and always eventually accepting.

Notation. For a state g of 4 and a generalised history tree d = (7,1, h), we call a node
a host node of q, denoted host(q,d), if ¢ € I(v) but not in I(vc) for any child vc of v.

Proof. We fix an accepting run p = goq; ... of 4 on an input word o, and let pp =
dod ... be the run of D on a. We then define the related sequence of host nodes ¥ =
Voviva ... = host(qo,do)host(qi,d )host(qa,da).... Let [ be the shortest length |v;| of
these nodes that occurs infinitely many times.

We follow the run and see that the initial sequence of length / of the nodes in ¥
eventually stabilises. Let iy < i; < i, < ... be an infinite ascending chain of indices
such that the length |v;| > [ of the j-th node is not smaller than [ for all j > iy, and equal
to [ = |v;| for all indices i € {io, i1,i2,...} in this chain. This implies that v, v; ,vi,,...
is a descending chain when the single nodes v; are compared by lexicographic order. As
the domain is finite, almost all elements of the descending chain are equal, say v; := 7.
In particular, 7 is eventually always stable.

Let us assume for the sake of contradiction, that this stable prefix T is accepting
only finitely many times. We choose an index i from the chain iy < i; < iy < ... such
that 7 is stable for all j > i. (Note that 7 is the host of ¢; for d;, and ¢; € [;(r) holds for
all j > i)

As p is accepting, there is a smallest index j > i such that (g;—i,0(j—1),q;) €
Fh,~(n)~ Now, as T is not accepting, ¢; must henceforth be in the label of a child of =,
which contradicts the assumption that infinitely many nodes in © have length |z|.

Thus, 7 is eventually always stable and always eventually accepting. a



Corollary 1 (L(A4) = L(D)). The deterministic Rabin automaton generated by our de-
terminisation procedure is language equivalent to the original generalised Biichi au-
tomaton.

4 Complementation

In this section we connect determinisation and complementation. In order to construct
a concise data structure for complementation, we first show that we can cut acceptance
into two phases: a finite phase where we track only the reachable states, and an infinite
phase where we also track acceptance. We then use this simple observation to devise an
abstract complementation procedure, and then suggest a succinct data structure for it.

We first argue that acceptance of a word o - o with o0 € £* and o € £® depends
only on o and the states reachable through o.

Lemmal. Ifl »* Q&1 =P Qthena-of € L(A) = B-o € L(A).

Proof. Tt is easy to see how an accepting run of 4 on o - o can be turned into an
accepting run on - o', and vice versa. a

This provides us with the following abstract description of a nondeterministic ac-
ceptance mechanism for the complement language of 4.

1. When reading an w-word o, we first keep track of the reachable states R for a finite
amount of time. (subset construction)

2. Eventually, we swap to a tree that consists only of nodes that are henceforth stable,
and that are the only nodes that are henceforth stable, such that none of these nodes
is henceforth accepting.

3. We verify the property described in (2).

Lemma 2. The abstract decision procedure accepts an input word iff it is rejected by
the deterministic Rabin automaton D.

Proof. The ‘only if’ direction follows directly from the previous lemma.

For the ‘if” direction, we can guess a point i in the run of D on o where all eventually
stable nodes are introduced and stable, and none of them is henceforth accepting. We
claim that we can simply guess this point of time, but instead of going to the respective
generalised tree d; = (7,1,h), we gotod; = (T',I',I'), where T” is the restriction of T
to the henceforth stable states, and !’ and /' are the restrictions of [ and 4 to T’. (Note
that the subtree of henceforth stable nodes is always ordered.)

Clearly, all nodes in 7’ are stable, and none of them are accepting in the future. It
remains to show that none of their descendants is stable. Assume one of the children
a node v € T’ spawns eventually is stable. We now consider a part of the ‘run’ of
our mechanism starting at i, did; d;,,.... Invoking Kénig’s Lemma, we get a run
P = qoq1 - .. such that, for some j > i and for all m > j, some v; = host(q;,d;), which is
a true descendant of v, is the host of ¢;. Using a simple inductive argument that exploits
that v is henceforth stable but not accepting, this implies for the run p = dod; ... that,
for the same j > i and for all m > j, some v’j = host(qj,d’i), which is a true descendant
of v, is a host of g;. This implies in turn that some descendant of v is eventually stable

and thus leads to a contradiction. O



We call an ordered tree flat if it contains only nodes of length < 1.
Lemma 3. We can restrict the choice in (2) to flat trees.

Proof. 1If we rearrange the nodes in 7 following the “stealing and hosting order”, that
is, mapping a node v with length > 1 to a smaller node v/ with length > 1 if either V' is
an ancestor of v or an initial sequence of v is an older sibling of an initial sequence of V.
This describes a unique bijection b : 7 — ¥, where ¥ is the flat tree with | 7| =|F|,
and we choose d! = (F,I' : b(v) — [(pred(b(v))) Ul(v) \I(pred(v)),h" : b(v) — h(v))
instead of d; = (7,1,h). (The complicated looking !’ : b(v) — I(pred(b(v))) UI(v) \
I(pred(v)) just means v = host(g,d;) < b(v) = host(g,d!), that is, the hosts are moved,
not the full label.)

It is easy to see that, if we compare two runs starting in d; and d; on any word, they
keep this relation. a

To obtain a succinct data structure for the second phase of the run, we do not follow
the precise development of the individual new children of the henceforth stable nodes,
but rather follow simple subset constructions. One subset that is kept for all stable nodes
is the union of the nodes of its children. Note that, to keep track of this union, it is not
necessary to keep track of the distribution of these sets to the different children (let
alone their descendants).

To check that all children spawned at a particular point j in a run will eventually be
deleted, one can keep track of an additional subset: the union of all labels of nodes of
children that already existed in j. If this subset runs empty, then all of these children
have been removed. Vice versa, if all of these children are removed, then this subset
runs empty.

Note that these subsets are, in contrast to the nodes in the flat generalised history
tree, not numbered. For efficiency, note that it suffices to use the second subset for only
one of the nodes in the flat trees at a time, changing this node in a round robin fashion.

Theorem 3. The algorithm outlined above describes a nondeterministic Biichi automa-
ton that recognises the complement of the language of A.

The trees and sets we need can be encoded using the following data structure. We
first enrich the set of states by a fresh marker m, used to mark the extra subset for
new children in the stable node under consideration, to Q,, = QU {m}. We then add
the normal subsets that capture the label of all children as a child of each stable state
as a single child of this state. For a single stable state that we currently track, we add a
(possibly second and then younger) child for new children. The labelling is as described
above, except that m is added to the label for new children (which otherwise might be
empty) and its ancestors.

We can now choose & : v — k+ 1 for all non-stable nodes v in this tree. As this
naming convention clearly identifies these nodes, we can represent the tree as a flat
tree.



4.1 Complexity of complementing generalised Biichi automata

In this section, we establish lower bounds for the complementation of generalised Biichi
automata and show that the construction we outlined tightly meets these lower bounds.
Our lower bound proof builds on full automata. A generalised Biichi automaton B~ =
(X,0,1,T,{F; | i€ [k]}) is called full if

— k=200 10| =, and I = Q,
- T ={(¢9,0,q') | Ji € [k+1]. (¢,i,¢') € o}, and
- Fi={(¢9.0.4') | (¢,i,4') € }.

As each generalised Biichi automaton with n states and k accepting sets can be viewed
as a language restriction (by alphabet projection) of a full automaton, full automata are
useful tools in establishing lower bounds. We show that, for each Q%,’f , there is a family
of L¥ C XX such that a® is not in the language of B¥ for any a € LX, and each nonde-
terministic generalised Biichi automaton that recognises the complement language of
BF must have at least |Lf| states. The size of this alphabet is such that the size of BX is
between |LX| and |Lﬁﬂ |, which provides us with tight bounds for the complementation
of generalised Biichi automata.

Let us first define the letters in LK. We call a function f : Q — N full if its domain
is [n] for some n. Let f be a full function with domain [n] then we call a function
S 1 [n] = [k] a k-numbering of f. We denote by enc(f, f) the letter encoding a function
f with k-numbering f3 as the letter that satisfies

— (p,enc(f, f¥),q) € T iff f(q) < f(p), and
= (p.enc(f, fz),q) € Fy iff either f(q) < f(p) or (f(p) = f(q) and f¢(f(p)) # b).

Obviously, if two full functions f, g with respective k-numberings fy, g4 encode the
same letter enc(f, fi) = enc(g,g#), then they are equal. First, we note that the word a®
is not in the language of ’B,’f .

Lemma 4. Let f be a full function, fs be a k-numbering of f, and let a be the letter
encoded by f and fy. Then a® is rejected by @,’l‘.

Proof. Assume, for contradiction, that there is an accepting run p of B~ on a®. By the
definition of an encoding, the sequence f; = f(p;) is monotonously decreasing. It will
therefore stabilise eventually, say at j. (Le., VI > j. f(p;) = f(p;).) By the definition
of accepting transitions for encoded letters there will henceforth be no more transition
from the final transitions F T(f)- 4 a

We now define LK = {enc(f, fs) | f is full and fy is a k-numbering of f}.

Theorem 4. A generalised Biichi automaton C¥ that recognises the complement lan-
guage of BX has at least |LE| states.

Proof. The previous lemma establishes that a® is accepted by C¥. We choose accepting
runs p, with infinity set , for each letter a € L, and show by contradiction that , and
I, are disjoint for two different letters a,b € L’,‘,.



Assume that this is not the case for two different letters a and b. It is then simple
to infer from their accepting runs p, and p; natural numbers /,m,n,a € N such that
p = pa[0,1](py[a,a+m)pa[l,1 +n])® is accepting. Then w = a! (b™a")® is accepted by
Ck, as p is a run of w. We lead this to a contradiction by showing that w is in the
language of BX.

We have a = enc(f, fs) # b = enc(g, g#). Let us first assume f = g. Then fy # g4,
and we can first choose an i with fx(i) # ga(i) and then a ¢ with f(g) = i. It is now
simple to construct an accepting run with trace ¢® for B¥ for w. 4

Let us now assume f # g. We then set i to the minimal number such that f and g
differ in i (f~'(i) # g~ '(d), where ~! denotes the preimage of i. W.1.0.g., we assume
F i)\ g (i) #0. We choose a g € £~1(i)\ g ' (i). It is now again simple to construct
an accepting run with trace ¢® for B¥ for w. 4

This closes the case distinction and provides the main contradiction. a

The only thing that remains to be shown is tightness. But there is obviously an in-
jection from the flat trees described at the end of the complementation (plus the subsets)
of an automaton with » states and k accepting pairs into Lﬁﬂ This provides:

Theorem 5. |Ly || > |BE|.

This provides bounds which are tight in k and n with a negligible margin of 1. For
large k, the size |L%| can be approximated by (k?”)": It is not hard to show that the size of
L¥ is dominated by encodings that refer to functions from [n] onto [1], and the number
of these encodings is n!k". (E.g., |[L}| < (e — 1)n!n".)

Our conjecture is that the construction is tight at least in n. The reason for this
assumption is that the increment in n stems from the round robin construction that
keeps track of the stable node under consideration, while the alphabet Lk refers to the
far more restricted case that stable states never spawn new children, rather than merely
requiring that none of the children spawned is henceforth stable.

5 Optimality of our determinisation construction

Colcombet and Zdanowski have shown that the determinisation technique we use (and
used in [17]) is optimal for the case of determinising Biichi automata. Their proof is by
reducing the resulting deterministic Rabin automaton to a game and citing the mem-
ory required for the winner of the game to establish a lower bound on the size of the
deterministic Rabin automaton [2]. In this section, we extend their result to the case
of generalised Biichi automata. We show that the function ghist;(n), that maps n to
the number of generalised history trees for k accepting sets—and hence to the number
of states of the resulting deterministic Rabin automaton obtained by our determinisa-
tion construction—is also a lower bound for the number of states needed for language
equivalent deterministic Rabin automata.

5.1 Games

We follow the conventions defined in [2]. A two player game is a tuple G = (V,E,L,W),
where V is a set of states of the game, which is partitioned into Vy and V, states for the
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two players, Player 0 and Player 1 respectively, E € V x L x V is the transition relation
and W € L® is the winning condition. We require that, for every v € V, there exists some
state v/ € V such that (v,a,V') € E is a transition from the location v to v'. We say that
(v,a,v') produces the letter a.

A play of the game G is a maximal sequence of locations p = (vg,ao,v1,da; ...) such
that, for all i > 0, we have (v;,a;,vi+1) € E. Let pp. = (apa . . .) be the sequence of letters
generated by the play p. Player O wins the play p if p; € W. Player 1 wins otherwise.

A strategy for player X is a function that specifies how the player should play de-
pending on the history of transitions. A strategy for player X is a function ¢ map-
ping finite sequences (vo,do, - .,an—1,v,) into E. A play p is compatible with a strat-
egy o for player O if, for all prefixes (vo,do,...,Vn—1,an—1,vn) of p, G(Vo,...Vp—1) =
(Va—1,an—1,vn) if vo_1 € Vy. A strategy o for player O is a winning strategy if player 0
wins every play compatible with G. Strategies for player 1 are defined similarly, with
V1 instead of V.

A strategy with memory of size m for player 0 is a tuple (M,update, choice, init),
where M is a set of size m, called the memory, update is a mapping from M X E to
M, choice is a mapping from Vp x M to E, and init € M. Player X wins a game with
memory of size m if she has a winning strategy with memory of size m. When we have
a strategy with memory of size 1, we call it a positional strategy.

A game G is called a Rabin game if the winning condition W is described by a
Rabin condition over the transitions of this game. For every Rabin game, player O can
win using a positional strategy [21].

Finite games of infinite duration can effectively be reduced to deterministic au-
tomata and vice-versa. Given a deterministic Rabin automaton 9 with n states that
accepts the language W of a generalised Biichi automaton 4, and a game with winning
condition W, one can construct the product of the automaton 2 with the game, and
derive a game with the Rabin condition as the winning condition of the game. It is ob-
vious that such a game (with its Rabin condition) admits positional strategies and that
the deterministic Rabin automaton maintains the memory for a strategy in the original
game with the generalised Biichi winning condition.

Lemma 5. [2] If player 0 wins a game with the winning condition W (the generalised
Biichi condition) while requiring memory of size n, then every deterministic Rabin au-
tomaton that is language equivalent to W has at least n states.

5.2 Proving a lower bound

Lemma 5 provides a viable argument to prove a lower bound on the determinisation
of generalised Biichi automata. For this, we use the full automata introduced in the
previous section.

Closely following Colcombet & Zdanowski’s proof [2], we use B~ = (X, 0,1, T, {F; |
i € [k]}). To prove our lower bound, we first restrict ourselves to a constant set of reach-
able states. We then proceed by proving a (tight) bound within this restricted scenario.
Finally, we extend this lower bound to the general case.

11



Restricting the set of reachable states. We define the set of states reachable by a word
u, Reach(u) by induction. Obviously, Reach(e) = Q. For v € * and a € X, we define
Reach(va) as follows: for all ¢ € Q and ¢’ € Q, ¢’ € Reach(va) iff ¢ € Reach(v) and
there is a transition (g,i,¢’) € a. Let Xg be the set of letters a € ¥ such that Reach(a) = S
and Reach(v) = S implies Reach(va) = S. Let L(‘Bf) be L(B}) NZs®.

Each generalised history tree d € D maintains the set of states reachable by the
generalised Biichi automaton at the current position of the input word in the label /(g)
of its root. Thus, if we restrict ourselves to a set of states S C Q, it is enough if we
consider the set of generalised history trees Dg, which contain the states S C Q in the
labels of their root €. The runs of the deterministic Rabin automaton Q),’f , which we get

when determinising BX, on an ®-word o € Ls®, is therefore a sequence in Dg®.

A game to prove tightness. In this restricted context, we define a game G such that
player O wins G, requiring at least memory |Dg|, which will in turn establish that any
deterministic Rabin automaton accepting £(‘8%) has at least |Dg| states.

We define the game G with the winning condition L($§). Formally, G =
(V,E,L,W) where V is the set of states of the game partitioned into Vy and Vj, the
states for players 0 and 1 respectively. V is a singleton set {vo} and V; consists of the
initial state of the game v;, and one position v, for each generalised history tree d € Ds.
The labelling function L is the alphabet £. The winning condition W is L(Q§§). The
game transitions E are as follows:

— (Vin,uyvo) € E forallu € Z;,
- (vo,ids,vq) € E for each generalised history tree d, where
ids ={(q,k+1,q) | g € S} is the input letter that maintains all trees in D,
- (vg,u,vp) € E for each generalised history tree d € Dg and word u € Z;r if u is
profitable for d. We call u profitable if there is a v in the ordered tree of d such that
e v is stable throughout the sequence of a run of DF starting in d when u is read,
and
e v is accepting for some transition in the sequence.

Player 0 has a simple winning strategy in this game. It suffices if player 0 keeps
track of the current state of DX when following the ®-word produced in this game.
When it is her turn and the run is in state d, then she plays to v,;. This way, player 1
is forced to play only profitable words, which leads to a minimum node that is always
eventually profitable, and hence to acceptance [2].

Lemma 6. Player 0 has a winning strategy in the game G.
Modified game to prove memory lower bound. We define a modified game G, by
removing one of player 1’s game states v4, thereby denying player O the corresponding

move. This is the only difference to the game G. This lemma is the technical core of the
proof requiring an analysis of the differences between two trees.

Lemma 7. Let d # d' be generalised history trees in Ds. There exists a word u such
that
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— (vgr,u,vg) is a move in Goq,
-d—-"d,
— u is not profitable for d.

Proof. We distinguish two cases. First, we assume thatd = (7,[,h) and d’ = (T ,1,1’).
This is the easy part: we can simply use a node v € 7 such that i(v) # h'(v), but this
does not hold for any descendant of v. We then choose Q' = {q € § | v = host(q,d)} to
be the set of nodes hosted by v. (Note that these are the same for d and d'.)

In this case, we can simply play the one letter word o = ids U { (¢, 1 (v),q) | ¢ € Q'},
which satisfies all the properties from above: clearly the transition is profitable for v
(as v is accepting in the respective transition d’ —% d”’) whereas d —* d holds while
none of the nodes of 7 is accepting.

Now we assume that d = (‘T,/,h) and d' = (T',I',h') with (T",I') # (7 ,1). But
for this case, we can almost use the same strategy for choosing a finite word u as for
ordinary history trees [2]. The extra challenge is that, when reconstructing d, it is not
enough to spawn a new child, we also have to update /s, which can be done using a
sequence of letters like the letter o from above after reconstructing a node v. ad

With the help of this lemma, we can prove the following.
Lemma 8. For every d € Dg, player 1 has a winning strategy in Gpoq.

A winning strategy for player 1 is as follows. From v;,, player 1 plays a word u
such that dy —* d, where dy is the initial state of the deterministic Rabin automaton.
A good response from player O would be to move to v,. But v; has been removed and
player 0 has to move to a different game state, say v for some d’ # d. Player 1 responds
according to Lemma 7. Using this strategy, player 1 ensures that, when the play gets
infinite, there is no node that is always eventually accepting and the deterministic Rabin
automaton D does not accept this word. Hence, u ¢ £(‘B) and player 1 wins.

Corollary 2. Player 0 has no winning strategy with memory |Ds| — 1 in the game G.

If player O had a winning strategy with memory |Dg| — 1, then there would be a
game state v; which is never visited by this strategy. But this would also mean that
player O can win G,,,4 With this strategy, which contradicts Lemma 8. Using Lemma 5,
we now obtain:

Theorem 6. Every deterministic Rabin automaton that accepts L($§ ) has size at least
|Ds|.

Extending the lower bound to the unrestricted case. We have proven a lower bound
for the case where we restricted the set of reachable states. We now extend our result
to the general case. We do this by decomposing the deterministic Rabin automaton
accepting L(‘BY) into disjoint sets of states. Such a decomposition is feasible due to the
following lemma.

Lemma 9. [2] Let D be the deterministic Rabin automaton accepting L(‘BX) with tran-
sition function 8 and initial state dy. If 8(doy,u) = 8(dp,v), then Reach(u) =Reach(v).
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The above lemma describes the scenario where we restricted the set of reachable
states, considering only the set of generalised history trees Dg. The automaton D re-
stricted to Dg can be seen as a Rabin automaton which accepts £(B¥) with restriction
to letters in Xg. Because the sets Dy are disjoint, we have

ghist,(n) = [D| = ¥ |Ds].
SCQ

Theorem 7. Every deterministic Rabin automaton accepting L(Q%,’f) has size at least
ghist (n).

ghist; can be estimated in a similar way as the number of history trees for the
determinisation of Biichi automata [17], as generalised history trees are, just like history
trees, ordered trees with further functions on the set of nodes of the tree. Using the
functions from [17] ghist,(n) € sup,.o O(m(x) - kP - 483 providing

(1.65n)", for k =1, (3.13n)" for k = 2, and (4.62n)" for k = 3.

This value converges against
(1.47kn)"

for large k.
Note that, when the generalised Biichi automaton we start with has exactly one
accepting set, our bound construction coincides with [17].
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